From the statistical point of view, this paper mainly emphasizes the orbital distribution laws of Jupiter's moons, most of which are located in Ananke group, Carme group and Pasiphae group. By comparing 19 known continuous distributions, it is verified that there are suitable distribution functions to describe the distribution of these natural satellites. For each distribution type, interval estimation is used to estimate the corresponding parameter values. At a given significant level, one-sample Kolmogorov-Smirnov nonparametric test is applied to verify the specified distribution, and we often select the one with the largest p-value. The results
Introduction
The giant Jupiter system is often referred to a miniature solar system [1] . Jupiter's gravity is strong enough to keep objects in orbit over 18.6 million miles away. This means that there is a particularly large space around Jupiter for researchers to examine, possibly hiding natural satellites that have not yet been discovered.
Since the composition of Jupiter is similar to the Sun, the exploration of Jupiter can help to gain a deeper understanding of the solar system. The moons of Jupiter are divided into regular ones and irregular ones. Irregular moons are characterized by a high degree of eccentricity and inclination, which are distinct from the near-circular, uninclined orbits of regular moons. These distant retrograde moons are grouped into at least three main different orbital groupings and are considered to be the remnants of three once larger parent bodies that are broken apart during collision with asteroids, comets or other natural satellites [2] . These three groups are Ananke, Carme and Pasiphae, respectively. The specific classification of Jupiter's irregular moons can be found from Table 7 in Appendix A. The 'current' in Table 7 corresponds to the current discovery that Jupiter has 79 angle in mathematical sense that varies linearly with time. It can be converted to true anomaly, which is often used to indicate the position of a point on the orbit [11] .
By using the one-sample KS test method in statistics, we verify the dozens of commonly used distributions one by one and calculate the p-values corresponding to these distributions. For the same orbital feature, the distribution corresponding to the largest p-values is theoretically the one we are looking for, and the closer the p-value is to 1, the more likely we will find that the distribution is correct. In order to be able to describe these distributions analytically, we also calculate the values of the parameters corresponding to these distributions and the confidence intervals corresponding to these parameters from the perspective of statistical data inference.
Moreover, whether the theoretical results of the statistical prediction are valid can also be verified. Because some of the orbital characteristics are not independent, but are coupled to each other. For example, the nonlinear relationship between the semi-major axis (sma) and the orbital period (T ) can be expressed in accordance with the third Kepler's laws of planetary motion. If we infer from the observation data that the sma and T obey a certain distribution d1 and another distribution d2, respectively. However, the distribution of the sma can also be analytically calculated according to the third law of Kepler and the distribution d2. The distribution of sma obtained by analytical calculation here is recorded as d3. Therefore, for the orbital characteristics of the sma, the rationality of data inference can be verified by comparing the distribution d1 inferred by KS test method and the distribution d3 obtained by analytical calculation. Based on the one-sample KS test method, we obtain the best-fit distribution of these orbital features in Table 1 . In the fourth column of the table, the confidence interval shows that the true value of these parameters falls close to the measurement with a certain probability. Although the distribution parameter values can be calculated from the observed data, whether the null hypothesis be accepted is greatly influenced by the significance level (usually set to 0.05 or 0.01), so we study the distribution of orbital features by using pvalues that can avoid pre-determined significance levels. If the p-value is greater than 0.05, we accept the null hypothesis, otherwise reject it. However, if the p-values of several distributions corresponding to the same orbital characteristics are greater than 0.05, we should try to choose the distribution with the largest p-value, which is a bit one-sided, but it is reasonable, because an event often occurs with a greater probability.
Distribution inference based on different moons' groups
It can be seen from Table 1 that the semi-major axis, the mean inclination and the period all obey Stable distributions (See [12, 13] for more details), and the p-values are all greater than 0.9, which is much larger than the commonly used 0.05 and 0.01. Since most of the probability density functions (PDF) of the Stable distribution have no closed form expressions except for a few special cases, they are conveniently represented by a characteristic function (CF). If a random variable admits a PDF, then the CF is a Fourier transform of PDF. Therefore, it provides the basis for an alternative path to analysis results as compared to directly using a PDF. The relationship between CF and PDF can be expressed by the following formula
where f X and φ X are the PDF and CF of the random variable X, respectively.
The random variable X is called Stable ( [12] - [14] ) if its CF can be written as (2) φ X (t; α, β, c, µ) = exp (itµ − |ct| α (1 − iβsgn(t)Φ)) , t ∈ R,
where α ∈ (0, 2] is the characteristic exponent responsible for the shape of the distribution, β ∈ [−1, 1] is called the skewness of the distribution and used to measure asymmetry (β=0 means symmetry), c ∈ (0, +∞) is the scale parameter, which narrows or extends the distribution around, µ ∈ R is the location parameter that shifts the distribution to the left or the right, sgn(t) is the usual sign function and
If α = 0.5 and β = 1, the corresponding special case is called Levy distribution. And if α = 1 or α = 2, it is defined as Cauchy or Gaussian distribution, respectively.
For the sake of simplicity, the distribution types of other orbital features are briefly introduced (see Tables   1-3 for details). The mean eccentricity obeys Extreme Value distribution with location parameter µ and scale parameter σ. As the value of σ increases, the density function curve disperses gradually. The mean and variance of Extreme Value distribution are µ + νσ and π 2 σ 2 /6, respectively, and here ν is the Euler constant. The argument of Pariaphis obeys Loglogistic distribution, of which α is scale parameter and it is also the median of the distribution. The parameter β > 0 is a shape parameter. The distribution is unimodal when β > 1 and its dispersion decreases as β increases. The longitude of the ascending node obeys Generalized Extreme 
Comparison of Previous and Current Orbital Properties Distributions
As can be seen from Table 5 that the mean inclination obeys the Stable distribution with a p-value of 0.974931481491565. However, the previous best-fit distribution is the T location-scale distribution with a p-value of only 0.666238390424803. Similarly, the optimal distribution of the mean eccentricity is a Stable distribution with a p-value of 0.999628336728153. All optimal distributions of these three orbital elements are the Stable distribution, which may indicate that the moons in the Carme group are likely to have the same origin, that is, they may be born from the split of the same parent asteroid. Table 6 , the best-fit distribution of the semi-major axis is the Extreme Value distribution, and its p-value is 0.995638769628093, which is much larger than the value in the literature [6] . The cause of this phenomenon may be the change in the classification of moons, and more distributions have been tested in this paper.
To more intuitively observe the difference between the current distribution and the previous distribution, the observed cumulative distribution function (CDF) and best-fit CDF were plotted respectively. Based on the previous data and the new data, the orbital properties of moons' data can be compared more specifically and conveniently, and then we get the following CDF figures (Figures 1 and 2 ).
Verification of the rationality of theoretical results
In this section, the reasonability that the best-fit distribution of the semi-major axis and the orbital period is demonstrated analytically based on Kepler's third law of planetary motion.
4.1. Carme group. As can be seen from It can be seen from Table 2 that both the semi-major axis and the period obey the Stable distribution, and according to Kepler's third law, there is a relationship T = 4π 2 a 3 /GM (GM is mass parameter) between them. In theory, if the distribution type of the semi-major axis or the period is known, then the other one can be derived analytically. If the analysis results are consistent with the statistical inference results, at least very close, it means that the result of statistical inference is effective. But now there is a problem, as described in Section 2, the Stable distribution of the PDF can be given by the CF. In addition to its three special cases of distribution, including Gaussian distribution, Cauchy distribution and Levy distribution are currently well studied, but in other cases the Stability distribution, its PDF is still poorly studied. Therefore, we have to discuss the distribution that is very close to its p-value, i.e. T location-scale distribution. When the semi-major axis obeys the T location-scale distribution with a p-value of 0.900021606617932, the corresponding parameters are (2.32508, 0.01141172, 1.397731). When the period obeys the T -location-scale distribution of the p-value of 0.979168426854978, the corresponding parameters are (724.436, 6.75988, 1.01233).
Note that the PDF of the T location-scale distribution can be defined as
where Γ(·) is the gamma function. So the corresponding predicted PDFs can be written as
Then, based on the Kepler's third law, the PDF of the semi-major axis can be derived as follows (6) f ana,sma (T ; µ, σ, ν) = 3π a GM f pre,peri ( 4π 2 a 3 GM ; 724.436, 6.75898, 1.01233)
From Figure 3 (a), we can find that f ana, sma (T ; µ, σ, ν) (PDF represented by the red curve) obtained by analytical method is very consistent with f pre, sma (a; µ, σ, ν)(PDF represented by blue curve) obtained by statistical inference. 
Similarly, by using Kepler's third law, the PDF of semi-major axis can also be derived analytically as follows
From Figure 3 (b), we can also find that f ana, sma (T ; µ, σ) (PDF represented by the blue curve) obtained by analytical method is in good agreement with f pre, peri (T ; k, µ, σ) (PDF represented by red curve) obtained by statistical inference.
Conclusions
Based on the reference [6] , we continues to use the K-S test method to study the distribution of the six orbital elements and orbital periods of the latest Jupiter irregular moons in this paper. It is found that these orbital features mainly obey Stable distribution, Extreme Value distribution, Loglogistic distribution, Generalized Extreme Value distribution, Generalized Pareto distribution, Normal distribution and Birnbaum-Saunders distribution.
Moreover, we also made some comparisons on the semi-major axis, the mean eccentricity as well as the mean inclination. From the comparison results, the best-fit distribution of the three features in this paper has larger p-value. From the figures of best-fit CDF and the CDF based on the observational data, both the current best-fit distribution and the previous one are well matched. There are two possible reasons for this result. First, the number of tested distribution functions are greater than in [6] . Second, the classification of Jupiter's moons has changed and 12 newly discovered moons have been added. Furthermore, based on Kepler's third law, the PDF obtained by the analytical method is very close to the PDF obtained by statistical inference, so it is reasonable to say that the best fit distribution of these orbital features is reasonable.
In addition, Table 5 shows that the orbital elements of some moons have the same Stable distribution. This interesting result may indicate that they have the same origin, which may have originated from the same parent asteroid. We will continue to pay attention to whether they are really 'brothers'.
Appendix
A. Classification of Irregular Moons see Table 7 B
. Distribution Inference Results
See Tables 8-19 
